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synthesis for Euler type operators 4 
S. G. MERZLYAKOV 


ne an operator generated by the matrix A. 
In this paper conditions are obtained on the matrix A and the domain UCC", 
under which any Closed invariant subspace W of the space H(U) admits a spectral 

synthesis, i.e. eigen- and associated functions of the operator D, which belong to 

form a complete system on it. 


§ I. Holomorphic dependence of functions _ ae 


Let U bea ania in C*; H(U) will denote the space of bilemindghay fonctions 


In U with the uniform convergence topology on the compact subsets. For a compact 
‘ set KCC’, H(K) will denote the space of germs of the holomorphic functions in 
_K with the inductive limit topology (see [5, p. 17]). 
Let us consider the system 9(t)=((9,(t), ..., 9,(t)) of functions on 
say that the system is holomorphically independent if exists no f 
different from zero and holomorphic in a neighbourhood of M(q) such that 
We state the basic ofthis section, 


Theorem 1. Consider a system of exponential monomials nes im exp A,t, 
i=1,...,n, which are bounded.on the ray t=0. Then there exists a holomorphically 
independent system (t)=(9,(t), ....9,(t)), t=0, and a set of functions 
P,<H(M(q)), i=1,...,n, such that for each i we have p{t)=P{9(t)), 
Moreover, if all m;=0,. then ,(t)=exp p,t, r, Reu;>0, while in the 
opposite case ~,(t)=t exp py, t, p;(t)=exp j=2, .. r+, Re Re 


— 
| 
: 


be a Lemma 1. Assume the conditions of Theorem 1 are fulfilled. Then there exists 
_ a system of complex numbers py, ..., {Re 0}, is 


over the Q, such that the representations 


b) (Re A; > 0, > 0) = d;; 
are fulfilled. 


Proof. The boundedness of the functions ?" exp A,;t on the ray t=O implies 
that Rej,=0, and if m,>0. First we assume that for all 


i and = ...»4,} is a maximal linearly independent subsystem of the system 


n}. 


dA; = PA 


introduce the matrices 


where 5, denotes the Kronecker function. 

Since Re j1;>0, representation (1) implies that the entries of the matrix BA(0) 

are positive, therefore the entries of the matrix BA(e) are also positive for sufficiently 

small ¢. The determinant of the matrix A(e) is a nonzero polynomial of €; conse- 


quently, for sufficiently small ¢40 the matrix A(e) is invertible. For such an ge, 
let us set 


— 


vim 
Be 
| 
~ 
that the entries of the matrix A~4(e)A(O) are positive. = 


Sa 


‘bee 


Bn Thus, we have shown that, for sufficiently small «0, the entries of the matrices 
, ae BA(e), A~*(e)A(0) are positive. Varying the entries of the matrix A(e) to sufficiently 


_ small values, we can find a matrix C=(¢;,;)j ;.,; such that c; KO and the entries 
the matrices BC, C-1A(0) are positive. Put 


"Replacing the {u;: j=1,...,r7} by the system {y,/m: r}, where 
- mis a Sufficiently large integer, we obtain a system with the requited properties. 
Now we turn to the general case. Let us select subsystems M,c {AE M: Re A=0} 
and M,c {Ac M: Re A>0} from the system M={/,, ...,4,}, such that M, forms a 
- maximal linearly independent subsystem over Q of the system {A¢M: Re A=0}, 
and M,UM, forms that of M. Any A¢M admits the decomposition 4=/’ +2” 
where A’ and 4” belong to the linear spans over Q of M, and Mz, respectively. From 
__ what we have proved above it follows that we can find a linearly independent system 
Hy, Hp, Re j= 1, ...,7, over Q if A; A;>0, then 


Dividing the elements of M, by a sufficiently large integer, we obtain a system ae : 
for which the numbers 4’ are expanded with integral coefficients. It is 
easy to see that the system ..., 44} satisfies all requirements of Lemma l. 


if all m,;=0, and set 


j=3 
otherwise. wht 
In order to complete the proof of Theorem 1, it suffices to show that the system » ne 
¢(t) is holomorphically independent. This follows from the following. 


€ Lemma 2. Let «,€Z, %,=0, B,€C, n=1,..., let the pairs (%, B,) be different 
for different n-s, let the set {Re B,=b} be finite for all b, and finally suppose that there ae 
exists c>QO such that «,=c Ref, for all n. If the sequence a,€C, n=1 is such 


; 
wit 
j=1 
$2 
= Ai 4 di; d; ,€Z, d;; = m;. 
Set 
r+1 
i 


for t=tj=0, the series 


das) 
comer to 0, then a,=0, n=1, 
Assume that the: statement of the lemma fails, and set 


B = min {Re f,: a, # O}, a = max {a,: Re B, = B, a, # O}. 


i pee the set {Re f,} is discrete, there exists 6>0 such that Re B= B+6 if Re B,>B. 
For ¢=(cB—a)6- the inequality 


s if a, #0. 


(x, —)(In |t|—In |f)|) = Ine, 


> 


of, — |t| —In |f|)-+ (Re B,—B)(t—t) = c,(Re B, —B) (In |¢|—In + 4 
+ (Re B,—B)(t—t) = (Re (in —In |to|) + Ine. 


For tS, we obtain 


) A{a, B) n=1 


_ The function inside the brackets is sti lis: on the real axis and according 


to (2), a,=0 follows for (a,, Re Ba) B) (see [7, pp. 239—250]). This contradicts 
our assumption. 


Corollary. Let my, ...,u,€C, Re w,>0, j=2,...,p,. and let the 
SYSTEM [Hy be linearly independent over Q. Then the system of functions 


Proof. By virtue of Kronecker’s (see [2, p. 314]), the set con- 
tains a subset {(w,, ...,W,41) such that |w,|=0 if Re u;>0, and |w,|=1 if Re n;=0, 
i=1,..., Pt 1}. So, the functions can be tapanded into a Laurent 


ul: 
Let us fix an e>0. There exists anumber suchthat,for t=t,,ReB,=f, 
7 
(2) lim [t-*e- a, = 0. 
a 
» 
> 


in a neighbourhood of this set. Let the function h be equal to zero on M(@). Then 
there exists to=0 wach that, for t=1f,), the series 


: _ converges ~wiecgemee to zero. We shall show that this series satisfies the conditions 
Lemma‘2. 


The set {Re ab} is finite, ‘since 


Thus, by Lemma 2, a,=0 and h=0. 
| Now, we prove the statement which allows us to construct holomorphically 
dependent systems of functions. 


Lemma 3. Let DCC" be a domain of holomorphy, UcC* be 
domain, the holomorphic mapping F: be proper, and Then there 


— exists a function hE H(D) such that h#0 and hoF=0 on U. ee 


_.....Proof. Since m>k, there exists a point such that w¢F(U). By a 

— theorem of Remmert [3, p. 55], the set F(U) is analytic in the domain D. Therefore, 

- the set {w}UF(U) is also analytic. Every function, which is zero on the set F(U) 
and equals 1 at the point w, is analytic on the set {w}U F(U). By a theorem of CARTAN hs 
p: 313] there exists a function H(D), h(w)=J, hoF=0 on U. The lemma is 
proved. 


Example. The system (te’, e~“), a>0, is holomorphically dependent. Indeed, 
the mapping : F why (we”, e~*”) from C to C? is proper: if on. 


where «, Bec, then 


which is acontradiction. Ae 


From Lemma 3 we obtain that there exists a function h€ H(C2), h 40, , such that ‘ 


h(we”, e~*”) = 0, weC, 


7 
| 
Reap «;) min Reyp;. 
= @€©=—-_—sYO The :~ pairs (a, a) are different by virtue of the linear independence of the system he “i 
Hp}, and the number c=(Re satisfies the inequality 
<% 
we 
a 
| 


2. A Mittag-Leffler type theorem for invariant 
sles. In this section we show that any closed D,-invariant subspace of the space 
sa f ny H(U) admits a spectral synthesis, provided that for any point z€U the closure of 
| the set {(exp tA)z: t=0} is compact and lies in the domain U. 


a ee ae Definition. We call a domain UCC* A-star like if for every z€U the set 
'e ae {(exp tA)z: t=0} lies in the domain U. We call U strongly A-star like if the closures 
of these sets also lie in U. 

‘ The operator D, admits the following representation. _ 


Lemma 4. If a function belongs to H(U), 


o™ 
~ 
(D,f)(z) = 


y 
>. 
~ 
ve 


: Arguing further by induction, the lemma will be proved. 


Corollary. Let UcC* be an A-star like domain and sie 5 be a cream: 


D,-invariant subspace. Tiien 


support KCU that for g¢H(U) 


aN? 
The function 


‘is ina neighbourhood of the 1=0. ‘Let us 
of this function at zero: 
o™ 
Ot 


= Az = (Dy f (C42). 
= 
. a roof. Let us consider an arbitrary linear continuous functional S on the 
— VW. There exists a measure v with com- 
4 


_ By the Hahn—Banach theorem, f(e'“z)€W. The Corollary is proved. 
Let us consider an arbitrary system (t)=(9,(‘), ..., 9)(t)) of con- 
_ tinuous functions on (— co, 0] and a quadratic matrix E(w) of order k, whose entries 
holomorphic in a domain o>M(q) and such that E(o(t))=exp tA, t=0. 
For a A-star like domain U and a compact set KCU, put 


= wee: 
= This set is open and contains the compact set M(q). Indeed, for any y point wi M (0) 
_ there exists a sequence {¢,}, such that g(t,)>w. Therefore, for z€U we have 


lim n E(9(t,))z = = lim 
because the domain U is strongly A-star like. 
To an arbitrary functional TéH*(M(¢)) there an 
acting on the space H(U) such that 


(Tf)(z) = f(E(w)2)). 


If KCU is compact, then the function f(E(w)z) is holomorphic with respect to : 
the variable w on the set (U, K) and with respect to z in the aa of the compact 
set K. Thus, the function Tf is holomorphic on U. was 

Assume that the system of functions T7,€H*(M(q)), n=1, 2, . ol has the uni- | 
property 


4 


In this case the following result is valid. ae 


Lemma 5. There exists a system consisting Came C, N=1, m= 


=1,...,, such that for.any strongly A-star like domain Uc C* and function fe H(U) 
we have 


The convergence is meant in the topology of the space H (U ). 


Proof. The space of the germs of holomorphic functions on 
H(M(g)) is an (YN*) space (see [6], [5, p. 18]); moreover, its dual H*(M(Q)) is 4 ws 
an (M*) space, and consequently, it is metrizable and reflexive. 

The system {7,} is complete in the space H*(M(q)) by virtue of the uniqueness _ 
property and the Hahn—Banach theorem. Therefore, for the functional T)¢€_ 


N y 


— 
a 
- 
bf 
“yt 
A 
; 
| 
3 


aa in the the space H *(M (~)), i.e. uniformly | on bounded set of the 

_ space H(M(q)). If KCU is compact, then the set of functions { f(E(w)z): z€K} 
_ of the variable w is bounded on the space H(M(¢)), so that 


“im f(E(w)2)) = f(E(9)2)) = F(2) 


quence Cna (% -multiindex of order k) such that for any with the pro- 


lalsn 


Proof. Set o(t)=(exp ..., exp At), =diag (A. (Ay, Ew)= 
.»W,), (T,, hy=h™(0). Then tie domain U with the properties a) and b) is 
"strongly A-star like, (7, f)(z)=f™(0)z*, and the statement follows from Lemma 5. 


Remark. For k=1, the converse result is also valid (see[1, p. 


1. Lemma 6. Let the system (t) be holomorphically independent and the domain 
ae UcC* be strongly A-star like. Then for any functional TEH*(M(q)) and closed 


_ Dg -invariant subspace WE H(U), the operator T maps W into W. 


Proof. Let f be an element of W and suppose that the functional S€H*(U) — cal 
annihilates the space W. There exists a measure v with compact support KCU such . 
that, for ge H(U), Wie 


(2) dv(2). 


€H*(M(¢)), (To, h)=h(e(0)) and there exists a sequence e,,,€ C such that 
Be 
: 
/ BER 4 
holds in the t 
‘ 
pet 


Spectral synthesis for Euler type operators 


By the The lemma is proved. 
< Assume that the entries of the matrix exp tA are bounded for t=O, that is, 
are linear combinations of the functions exp Re 1,;=0, and if Re 1;=0, 
then m,;=0, i=1, ...,k. For definiteness we will assume that not all the m; are zero. 
By Theorem 1, there exists a holomorphically independent system of functions 
exp py exp EXp Met, ..., exp and a quadratic matrix E(w) of order 
Re p,>0, Re ... 
,Reyw,=0 and E(p(t))=exp tA. 


Since the system ..., is linearly independent over Q, it follows from 
Kronecker’s theorem that contains the set 


r 


= 


j=0 j=ptl 


An arbitrary em h€ H(M(q)) can be expanded into a Laurent series 
h(w) = + h)w* 


in a neighbourhood of the set (3), where «=(a,,...,4,) is a multiindex, «,, ..., a, 
are nonnegative integers, and «,,1, ..., %, are integers. The functionals T, belong to 
the space H*(M(q)) and form a complete system in it, because M(¢) is a connected 
compact set. 

For the functionals 7, the following result is valid. 


Lemma /7. Let UCC* bea strongly A-star like and feH(U). Then, 
for any multiindex «, the function T,, f is a root function of the operator D4. age 

Proof. Let us consider an arbitrary point z, in U and let K be the closure of ” 
the set {(exp tA)z): t=O}. By virtue of the ‘conditions on the matrix A and the © 


domain U, K is compact and lies in U. ( i 


For z€K, the function f(E(w)z) can be expanded into a oe series with ‘ 


respect to the variable w in a neighbourhood G of the set (3) as follows 


holomorphic on the set (U, K) and, according to Lemma 4, the equality 
h(p()) =0, 
is fulfilled. Therefore, h(w)=0 in a connected component containing the set M(g). 
__Using Fubini’s theorem, we obtain 
S,7Tf(E(w)z)) = 0. 
| 
| 
4 
ere CxistS T=U suc at, T=Tp), the point elongs to the set G, and 


8.6. Merzlyakov 


= (B, + Bo) + Bs +... 
Since for t=0 we have (exp t4)z,€K, it follows that on the one hand, iE 


(e494 25) = f e429) = D> 
and, on the other hand, 


Comparing are coefficients of texp aut in the two the 
f((exp (t+ A) to) and using Lemma 2 yields 


according to Lemma 4, we have 
ay = (0% +1)T (0, +1, 02-1, 08, > 
D,T, =opT, if a =0. 


= 0, 


where J: H(U)~H(U) is the identity operator. The lemma is proved. 34, 


Summing up waat has been n proved 1 in the last three lemmas we can deduce the ais 


Theor rem 2. Let A a matrix of order k that the entries of 
the matrix exp tA are bounded on the ray t=0. Then there exists a linear continuous _ 
operator &, on the space of the functions holomorphic on the strongly A-star like | 
domains of C* and there exists a sequence of numbers €y, such that, for any strongly 
A-star like domain Uc C* and closed D,-invariant subspace W of the space H(U), 
the representation 


lalan 


where 
absolute convergence onvergence of the 
( a e Zo S (a1 +S, 72 —S, ag, 41) 0 
a 
— 
sts valid in the topology of H(U). The function £,f also belongs to W and is a root 4 . 
i | 


ae . In this section | we present examples demonstrating the exactness of Theorem 2. 
Bite. _ First, we shall show that, without the requirement of star-likeness of the domain 
__U, possibly there exists no synthesis even for k=1. 

Let the domain be defined by U=C\({Im z=0, Re z= 1}U {Im z=0, Re z=1}) 
oe and the space by 


W= {fe H(C\{1, -1}): f(2) 0 as and f(—z) =f(z)}. 


_ The space W is closed in the space H(U) since the functions in W are even and the 
sections of U are nonsymmetric. If feW, then zf’(z)EeW. | 


In W there is no eigenfunction for the operator zd/dz because if geW and 
zg’(z)=Ag(z) for any AEC, then the expansion of g in a neighbourhood of zero "oe 


implies that g is an entire function, and consequently, it is identically zero. 


We shall give an example which shows the importance of the condition of _ 


strongly star-likeness. 


Let A be a diagonal matrix of second order with i, ale 1 and i, U be the | 


domain (C\{0})*. If z€U, then (exp for any t€C. 
Let us consider the space 


W= {g¢H(U): g(e,e") =0, 
This is a closed subspace of H(U) and invariant for the operator D,. The mapping 


h: C+U, h(t)=(e, e*) is proper, therefore Lemma 3 implies that the space — 
W is nontrivial. However, there is no eigenfunction for the operator D, in W.In- 
deed, let be valid and Consider the of 


as 


into a Laurent series 


and apply the operator D,. We obtain that (a,+ia,—A)a,=0 for all a, therefore ¢ ar: 


with certain integers a? and a3, but we have a,>=0 since W. 


Theorem 2 implies that if for a quadratic matrix A of order k there exists ye C, _ ") 
y~0, such that the entries of the set of matrices {exp tyA: t=0} are gua i : 


bounded, then any closed D,-invariant subspace of H(C*) admits a Spectral 
synthesis. The converse result is also valid. 


Theorem 3. Let A be a quadratic matrix of order k such that for any y€C, ear 
y0, the entries of the set of matrices {exp tyA: t=0} are not uniformly bounded. fr a 

Then there exists a closed D,-invariant nontrivial subspace of H(C*) without any 


ing cases: 


Subspaces without spectral synthesis 
= 
— 
— 
-~ 
‘te 
awe 
7 
y assume tha as a Jordaniorm. First weexaminethefollow- 


. We take 
| W= {g(za)e*: g¢H(C)}. 
For a function fin W we have (D,f)(z)=z. f(z) and this implies that there exists 
no eigenfunction in W. Pee 
as 
0A O 
00 


mapping 


h: C +C3, h(w) = (we, e*”, 


‘is proper. Therefore, by Lemma 3, W is a nontrivial space. 
We shall ii 


_ The Taylor coefficients satisfy the relations ccs sages 
—Aoty + 003 = 


(u-— + bias)**a, 


or and a,~0, then it follows from the 
_ above mentioned equalities that «,=0. Since b is an irrational number, there exists 
at most one pair %3) such that Thus, 


g(z) = 233. 
: _ The function g belongs to W only in the case if c=0. 


Let now b . a ‘ational number, b=p/q where p, q are positive integers. If 


W= e778 g¢H(C)}, 
then using Lemma 4, for feW we obtain 
(Da f(z) = f(z). 


This implies that W is D,-invariant and does not contain sincatiiiintions for D,. 


4 
7 
ay) 
- 
— If b is an irrational number, then set 
ence, we obtain : 
= ——— 4, +40 
— 
Be 


. + 4 15 % 


3) k=3 and the origin is an inner point of the convex hull of the set of eigen- 


values {A1, 42, 4s} for the matrix A. If the system 4,, A,, A, is linearly independent 


the theorem. 


Let now the system 1,,A,,4, be linearly dependent, 
_ where k,, kz, ks are integers. From the assumption on this system it follows that 
ky, ke, kg differ from 0, are of the same sign, 


It is easy to re that this is a closed D,-invariant space. We shall show that it contains 
~ nonzero functions. The mapping 


proper because Ay/AoER. Therefore, 
((C\{0})X(C\{O}) for which 


(exp k,4,w, exp = 

a. 1 Xs are integers. Let us introduce the following entire functions of three : 
variables: 


Ae, 


Ko 


The function f=f,+/f2.+f3 differs from zero because at least one of its Taylor cof 7 
ficients is nonzero and re 

Let g¢-W, D,g=wug. Expanding the function into a Taylor series and applying 
the operator D,, we obtain 


(Ay Oy = 0, 


Spectral synthesis for Euler type operator 
< Arguing as in Section 2) it can be proved that this space satisfies the conditions of a bli 
there exists a nonzero function 
= 
A2- 
< 


From these two equalities we obtain that there exists no more than one index « such 
that d,40. Thus, 


g(z) = 
but this function belongs to W only if d,=0. 


| One can examine analogously the case when k=4, the origin is an inner point 
of the convex hull of the eigenvalues A,, 2, 43, 44 of A, but is not an inner point 
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b: 3 pees concerning sets with this property is due to Helson who has proved that no 
interpolating set for A(R) can be the support of any measure with Fourier transform 
th __ tending to zero at infinity. The theory of Helson sets for p=1 has been rather com- 

_ pletely elaborated up to now (for more details see [4]). It turned out that the arith- 

_ metical nature of sets has a great effect on their interpolating properties. Even though 
Bi not every countable compact set is a Helson set. At the same time examples are 
_ known for Helson sets with relatively simple structure in spaces of dimension 
Mae greater than one. The existence of Helson curves in R? and R® was proved by KAHANE 
= (cf. [4, Chapter VII. 9]). In [6] McGener and Woopwarp constructed not only 

- _Helson curves in R? but even Helson k-manifolds in R™ (J=k+1). This result was 
a generaliz:d by MULLER [7] by having given examples for Helson k-manifolds in 

any space (n=k+1). 

The results of the present work relate to the less elucidated case p>1. It is not 
_ difficult to prove that every countable compact set is p-Helson for p>1. It is much 
more complicated to determine which compact sets of measure zero are p-Helson. 

So, OLEVskII constructed a compact set of measure zero which is not p-Helson for 
any p<2 (see [8, Chapter IV]). In [9] OLEvskil stated a hypothesis on the connec- 
tion between A,-interpolating properties of sets and their metric characteristics 
expressed by the Hausdorff dimension. In this work p-Helson sets will be investigated 
from this aspect. We shall prove the following statement. 


The metric estimate appearing in Theorem 1 is raion more e exactly, 


the following is true. 


going to investigate the structure of p-Helson sets in 
subdset oO is said t 
o be p-Helson 
P- if every continuous function defined = 
n 
4 
4 
ot 
. 


= 


Theorem 2. For real menber qo=2 and integer n= exists a 
4 compact set ECR" of Hausdorff dimension 2n]/q) such that E is not p-Helson for any 
o/(Go—1). 


Moreover, the condition of Theorem 1 is not necessary that a set be 
ss Sido It was proved by the author in [2] that a polygon with finite break points, 


e ° whose Hausdorff dimension is 1 in R", is a p-Helson set in R? for any p>1. The 


As for the simplicity of the structure of p-Helson sets in R", Theorem 3 will 


is show that for every preassigned p)€(1,2) and n>1 a continuous curve can be 


constructed such that it is p-Helson for every p>p, but is not p-Helson for p<pp. 
i In the last part of the paper the relation between the classes A,(R") and A,(7") 

_ will be investigated. (Here T means the interval (—z, z).) For the case p=1 it was 
shown by WIENER (see [4, p. 20]) that if supp fC T then f belongs to the class A(R) 


inclusion of the support of f in the interval T cannot be weakened. In the case 
_ p>1 this inclusion is possibly not strict. 


ms Theorem 4. Let p>1, supp f&T", and assume that g is an extension of f 
7 to R" such that g is 2x-periodic with respect to each coordinate. Then f€.A,(R") if and 
only if g€A,(T"). 


From Theorem 4 it follows that the statements of the first three theorems are 


Now ‘oe proceed witts the proofs of our statements. We shall use the following 
notations: f(y) stands for the Fourier transform of the function f(x), that is, 


M(R") denotes the Banach space of Borel measures of bounded variation on 7 


R" 


J 


The sequence {r,(t)}} (d=k=-e-) denotes the Rademacher og that is, 


r,(t)=sgnsin2*xt, OStsl. | 


| 
ve 


4 
es same is true in R" as well (n>2). <2 
eee exactly when f belongs to A(7); moreover, the condition concerning the strict 7% 
‘a 
is the subspace of M(R") consisting of those measures which are concentrated 
son. and f(y) means the Fourier transform of the measure p: 


besgue measure of the set E(CR"). 
We say that f€.A,(R") (f€A,(7")) if the Fourier the function 


f is integrable on the p-th power. 
For given ECR” and O<a=n we set 


H,(E) = sup (inf (2 |diam V;|*)), 


which satisfy the conditions V; and diam V;<e. The 


4 


In the sequel we set g=p/(p—1) and C will denote constants, punithj different 


The following theorem was proved by SALEM (see [5,p. 106]). 


‘Theorem. If and then there exist a closed set ECT satis- 
fying the condition dim E= =2/qo and a nonzero positive measure HL concentrated onto 


We shall also the following r result, which was the in 
Lemma 1]. 


= 


Proposition 1. Assume that there exists a measure p€M(E) on the set 
ECR" such that ||fi\|a<-c (q>2). Then E is not a p-Helson set in R". 


ee In the case n=1 and g)>2, Theorem 2 immediately follows from these two 
statements and from Theorem 4 to be proved later. 

In order to solve the analogous problems in R” we have to form the direct 
product of sets: 


E™ = EX...XEcR’, 


and the corresponding direct product of measures: 


4 


Then 


and the set E™ will not be p-Helson for p<py. In addition, 


E™ = n(dim E) = 2n/q.. 


For —_ we take — pair: E= T™ and the Lebesgue measure rr on 7". 


For a set.G x) means the characteristic function of G, and |E| denotes the Le- 
im E = ) 
dim = sup(«: H,(£) > 0 
i 


To: prove Theorem 3 a , construction will be oe by the aid of which a new 
proof can be given for Salem’s theorem. 


Let us introduce the constant 


where the lower bound is taken with respect to all open sets G containing E. 

It was shown in [2, Lemma 2] that if the constant £,,(E£) is equal to zero for 
some p’<p, then E is a p-Helson set on the plane. A noncomplicated transfer of 
the proof of this result to the n-dimensional case gives the following 


Proposition 2. Let E be a compact set in R" such that for some reals p€(\, ~) 
p) 


Then Ei is a in R’. 
na Ta, By an elementary cube of rank s in R” we shall mean an object of the form 


where every k® is an (i=1, ..., 
Lemma 1. Let {4;} be a cillecthen of elementary n-dimensional cubes with dis- 
joint inner parts and let r, denote the number of cubes of rank s in 1 {4; }. Then, for — 


kD 


axes, with sides and midpoint x, where 


Let Q, ..., /,)) denote the cube in R” with edges parallel to the coordinate 


+ 
where C is a constant dep ending only on p 
a Proof. Let us select 
an 
| 
| 


On aes sets in R” 


m=1 


= | II (exp (— 1)/Ynllecop I> exp (—i Yh p(Q)) 


m=1 


e Combining wy vith respect to all O, we get 


= 


included in the unit cube of the space R”. We first remark that g) cannot be less than 
2 since the Hausdorff dimension of sets in R” does not exceed n. The case gy=2 is 
also evident since for p=2 every compact set in R” is p-Helson. Hence, let g.>2, 


dy = diam, 1 


If k,=[llog,d,|], then V; belongs to the union of m,(=2") elementrary cubes of ae 
- Let us denote these cubes by 4, (/=1,..., my)» and consider the union ; 


— 
— 
— of Hausdorff dimension it fol a€(2n/qo, 2n/q). From the defini aan 
it follows that there exi 
_ such that exists a covering {V;} of th a 
> 
— 


aking into account that and p were poitits in the inter- 
vals, (2) and (3) mean that £,(£)=0 for p>py. Application of Proposition 2 
completes the proof of the theorem. 
_ The following two simple lemmas are of technical feature. 2" baa 
shall need the Hinchin inequality 4 
A,( 2 a" = = A,( ye <a. 


exists a constant M>0O such that for every real q€[1, ©), 
a integer m> M, arid sequence {k;} (j=1, ...,m) of numbers one can find a collection ae 
of signs {e;} (j=1,...,m; &;=41) such that 


\m/2—jl<V¥Vm 


2" Ch 2/2 
|m/2— | 


J r;(t) exp (— ik; dt < Aim? for x 


this with respect to x from —z to and changing order 


of integrations gives 


J = 4 At mt!?2n, | 


| 
t-& 
Proof. It is know a 
Let M be such that 7 
— (6) for | 3 


a z ininativg (6) means that for m>M at least the t/2-th part of the whole soliectine 
of signs {e;} (j=1,...,m) satisfies condition (4), and it follows from (8) that, in 
addition, only the +/4-th part of {e;} can fail to satisfy (5). Consequently, we can 
i - find a collection with the required properties. (Such ee make up at least the 
t/4-th part of all collections.) 
Lemma 2 is proved. Sie 


ass ‘Lemma 3. Let the collection m, (j= 


(10) < mM, < j=1,..., 


29-s/2)1/2 


1/2 


and Gali 3 is proved. 


It will be convenient to assume that M>400, where M is the constant occurring # 
in Lemma 2. 


Lemma 4. Let us given an elementary melas A si a ai number q>2. 
Then for any integers N and | satisfying ! 
(11) > 2'+1M, 


the segment A can be splitted into 2' parts T; (j=0, 


of elementary segments of rank N and such that 


Proof. Without restricting generality we can assume that 0 is the left endpoint _ 
of A. Let N and / be integers satisfying (11). Applying Lemma 2 to the collection 
A= 2,. |Al}, let denote the selected collection of signs. Let us de- 


(8) < 
4 
0, ..., 1) satisfy the conditions | 
Proof. Assume that (10) is proved for j=s (s=0). Then oe i 
9) for s</ we have 
2 —1), which are the unions 
(12) 


V. N. Demenko aes 


ie Bb pe A into two parts A, and Ay, where Ag is the set of indices ini ak 


Ae. sii to the first step, by the aid of Lemma 2 we can split oviry a into two 
| parts A,, (01, 02€{0, 1}), where A, , is the set of indices corresponding to plus 


= Se signs in ‘fe and A, is the same to minus signs in addition, 
1/2 


1/2m,,, Gs < oe at m 


Each of the sequences m,m, ,...,M,__,, Satisfies the conditions of Lemma 3, and 
—1/2 
< m,, 


m2-G-), s=1,... 


i .. 0, In order to simplify indices we 
write s in place of o,,...,0,. Let A,={kY} (1=j=m,), let denote the 
characteristic function of the segment [kW2-%, (kKM+1)2-%], and set 


e A A 
are going to estimate (s=0, ..., 


r=] 


,/—1 we get 


2 m=|A\|, it follows from Lemma 2 that 
7 
(14) 


y=m/m,. On account of (13) we can write that 
— 6 (m2 +6 y2-!_ 1 6(m/2—6 2/?)- 


4 Now we estimate || 


l2o—v8ille = +11 = 


4 (15) and (11) we obtain» 


Ay = [k2-", (k+1)2-"], j= 
s=1 


Lemma 4 is proved. 


Corollary to Lemma 4. Let us be given an elementary segment A, real numbers 
q>2, and an integer I. Then for some N the segment A can be into — 
= a subsets T;, which are elementary segments of rank N, such that < 


Lemma 5. te A be an elementary segment, and let le 


be constants. Then for every sufficiently large number N there exists a collection = =—— 


of segments of N such that 


Proof. Applying Lemma 4 with |4|2*>8M [N(1- we can 
take the collection {t,;} of segments of rank N, constituting any set 7, occurring 
in Lemma 4. 


a, Lemma 6. For every k=0, 1, ..., let E,< R” be a compact set and let b,€M(R") 


be a measure satisfying for some the following conditions: 


On p-Helson sets in R” 

(19) h = |A4|2%m-}. 


V. N. Demenko 


4 


the sets are compact and le Ne®| =0 if 


AV) = 13 = (ef?) > 0, = 1, 


Then the sequence {,} weakly converges to a measure w satisfying 


Proof. First we prove that {u,} i is weakly Let f(x) 
function on R”, and w(f, 6) denote the modulus of continuity of the restriction of 
f onto Ey. Let x be any of Gyre By avy) (V)it follows 


(700) da mts =< = 


By (Iv) we that E,, is in the 2- of the set E, end 
therefore, supp holds for k>|log, Consequently, 
which gives (20). Sa 
Let us examine the sequence of Fourier transforms of the measures yy, at the 
point 


By (22) : it poi seen that fi,(y) tends to fi(y) everywhere on R”. peeriee Fatou’s 
theorem to |fi,(y)|* we obtain (21). The proof of Lemma 6 is completed. 


<C. 
=20(f,2-). 
Let us take now a continuous function f suchthat 
su _£)=6>0. 
— 
| 
“f 
| 


Let 4=[«, BJ. For any (0<O<1), OA denotes the segment 
= [a, O(B—«)], 


4 _ which is the compression of A by © with respect to the left endpoint. Simple calcula- 
tion results in the following: 


= |\(exp (— y)—1)/iy—(exp (— 


3 In what follows x=(x,, ..., x,) denotes a point of R”. | 


Theorem x For every real qy=2 and integer n=l there exists a continuous a : 


which is not p- for p<Do. 


Proof. We construct sequences of sets E, and measures the con- 


ditions of Lemma 6 for any g>qp» and such that 


‘ag 


+O 


Let P 6) denote the projection of the set G onto the axis 0x,. The ii E a to 
fulfil the relations 


o(P, (Ey Ne@-), P(E »)) 


6, = 1, x® = (0, ...,0), m= 1, = |, 


Assume that E; and yp; have been already constructed for every OSj=k, where 


k is even. We and A=[0, 6,]. Let be Gonches and 
choose areal e>0 suchthat | 


We shall use this estimate for © €(1/2, 1) in the form eS eo 
ne 
a) £, 1s composed of elementary cubes eS” with sides 6, and with point xP 
(c) = 2/ % 
+ 
| 
> 


Applying Lemma 5 we fix a collection of elementary segments t; of rank N (j=1, 
satisfying the conditions 


where 


Introduce the following objects 


(x) = I o(x,), 


y=1 


where are cubes of rank N and 
It is clear from the construction that conditions es hold, and 0) is also 


Zs true because of s>2. In addition, 


(29) My +1 = MS 1 <= 


= (5 00) = E+ <2 


Now we describe the construction of FE, ,,and Let A=[0, 6,41], 2-G+n, 
1=[logs m+iJ+1,€=[]2allg,,,> and let a real e>0 satisfy the condition 


rhe Cor aie to Lemma 4 the segment 4 can be splitted into 2' disjoint subsets T; 


Wa — Oj Rr 


where «,=|4|2%/s; is a normalizing coefficient. ae 


q 


< max 


wf J holds for every elementary segment t of rank N. Let OT; stand for the set 


and set 


being a cube of rank Nr, is 
the point closest to zero in e**”., Condition (d) is implied by the fact that the ikon = 
between the supports of any two different functions y,(x) is not less than 27%”. 


It can be also seen from the construction that 


- 


2 


(k is positive and even), \ 


a a 


1sj=2' k+1 


where t is an elementary segment of rank N. By the last inequality and (30) we ob- re 
tain 


n 


Thus, conditions (I)}—(V) of Lemma 6 have been 


| 
us introduce the functions 
| 
hence (c) follo 
| 
4 


Now we estimate the norm for Ta a o such that <q, 
let k>ky. Since ||A,||=1, we infer that Then 


co 


s=k 0 s= =kg 


for p<py. At the same time, it follows from (c) that for and odd 


inf 


“the same Since and the set E is closed, the mapping x-+ Pr(x) 
_ is one-to-one had continuous between F and E. Let the inverse mapping Pr-* iF -E 


We extend f(x) in a standard way to a continuous function given on the whole 
interval [0, i by linear interpolation on the intervals aaoonet to F. The graph of 


can be obtained from F by supplementing countably many disjoint intervals. It was 
ene in [2] that B,(t)=0 (p>1) for any finite interval t¢€R*. The same is true © 3 
for any one-dimensional interval t in R” for n>2, as well. To see this it is enough 
e MSs to take 6-neighbourhoods V; of the interval t in R”. Then 


I2vellp = 


oH 
Moreover, fi, €L,(R") for any g>1. So, condition (VI) is also proved. 
= oy ae the sequence of measures p, weakly converges to a measure yp such that 
+o, 
Consequently by Lemma 1 we infer that for every p>po 
_ remark that (c) and (V) also imply that dim E=2n/gq9; whence, by Theorem 1, 
it follows that dim E=2n/q. 
Let us consider the set F=Pr(E). By (d) we infer that for any two points 
Bes ge e denoted by 7. [he function 7 defined on the closed set FC[U, 1] is continuous. __ 
and by (34), (35) it follows that B,(',)=0 (p>py). 


at ins structed will be the same as tie one of the set £, that is 2n/g). The proof of Theo- 
a rem 3 is complete. 

7 Finally, we turn to the proof of Theorem 4. It is well-known (see, for example, 
that the Hilbert transform 


: i? _ (the integral is understood in Cauchy’s sense of principal value) is a bounded oper- 


from L »(R) into itself Let & the operator of multiplica- 


5 


oy, 


a 


a 


W(y) =2r(y) = 
a The operator & can be expressed in terms of the aati H and %, in the fol- 


‘ _ whence it can be seen that is also a bounded operator acting from L (B) into into. 
ee | p(R). We show that the operators %, act from A,(T”) into A,(T"). 


Lemma 7. For any p€(1, ) there exists a constant «, such that for every 


ae Proof. First let n=1. We have that 


Let us decompose the function wy into the sum w(y)=¥,(y)+We2(y), where x 


2sinzy/ly], y¢[—1, 1). 


Fix v and set 
(a) 7 = 1,2. 


Consider (a\”). The absolute value of w2( ”) can be estimated as 


| Hf (x) | | dy 
We shall need the operator # of convolution with the function ae 
| 
n= | 
a? 
* 


m#k,k+ m#k,k+1 


Consider — y)€ L,(R): 


Since the operators of convolution by w and the summable functions act from 
(R) into L, (R), by (37) we infer that 


holds a. asic C depending only on p. On the other hand, for y€[k+ 3/8, 
-k+5/8] (KE Z) | | 
m+1/8 
* = dx = f(m) J Wa(y—x)dx = 
m—1/8 

1/8 


dx = A, f sinx(y- —x) dx, a 


4 
‘4 
a 
7 


re __ Now we estimate | (a®)||k. Observe that the /,-norm of the sequence (aj?) does not 
depend on the ethat [ojJ=0. We 
k iA 
a 
* oll p= Clloll Pp 
— 


On p-Helson sets in 


Combining (37), (38) and (41) we get 


Let us fix number j (l=j=n). Let J, (ke z") the set a 


have 


UPF (k) = X 
me, 
oa by (42) it follows that Rin ae 


Combining (43) and (44) gives the required 
_ Lemma 7 is proved. 


Corollary to Lemma 7. Let fEA,(T"). Then 
= 
Proof. We shall use the notation 
1=[0,1, 8) =f@)xr@). 


Fix y€R” and consider the decomposition y=k+v, where ké€Z” and 


following argument repeats the course of the proof of 


oduce the following 
7 
[vj]=0 
Then 
bik 


Proof of us an fanetion feA, 


~ account of Lemma 7 we get 


A, (R"). 


Assume now that suppfST7", f€A,(R"), and verify that ns extension of 
f, 22-periodic in each coordinate, belongs to A ”). In fact, 


lf(y+k)? dy = J dy <=; 


Theorem 4 is proved. 
Acknowledgment. I express my deep gratitude to A. M. Olevskii for his constant 
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application of Beppo Levi's theorem implies the existence of a point’ yp such that 
| 
Fiyotk) = f dx, 
the 2m-periodic extension of the function g(x)=/(x) exp (—iyox) belongsto 4,(7"). 
obtain by Lemma 7that 
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MHOxecTBO E u3 R” Ha3bipaeTCA ecm dbynKuua f€ C(E) MoxeT 
HEMpepbIBHO TO KIacca A(R"). 

Tloxa3aHo, 4TO pasMepHocTb KoMmakta ECR” ectb 2ngy, To E — p-xen- 
COHOBCKO€ MHOXECTBO JIA BCAKOTO p> DroT pe3ymbTaT He MOxeT ObITb 
go> 2 cyulecTByeT KoMnaxT ECR” xaycoopdosol pasmMepHoctu He 
ABJIAIOWMUCA P-XeCJICOHOBCKUM MHO2XKCCTBOM 

7loxa3aHo TaKxe, uTo suppfS[—z, z]", To @yaxuua f xmaccy A,(R") 


CCCP, MOCKBA 109 028 

Bb. BY3OBCKUMA MEP. 3/12 

MOCKOBCKMM MHCTUTYT MAIIMHOCTPOEHHA 


B craTbe m3y4alOTCA P-Xe€JICOHOBCKUX MHOXeCTB. 3aMKHyTOe 
2 | 
— 


| 


A test of convergence of Fourier series with respect to 
analogous to the J ordan test 


I. A group of sequences G and the variation of functions on it. Let p»=1, {p, 


a of such that p,=2, m,= = II (n=0, 1, 2, . 


: X_ = 0, 1, 


a group with the operation mod ont 
inverse The map G—[0, 1] defined iy 


l 
G will be denoted by +, and the infinite one by ——~—. 
m 


4 ‘We also introduce the notations: 


= 0 for & = 1, 2,..., Hn}, G., = +G, = 
k=1 ’ m, 


here C(G) is the set of continuous (with respect to the topology of the group G (see 


e.g. [1, p. 18])) functions, where by functions we shall mean maps of G into the set 
C of ms numbers. 


w val Ps 
+ its 
(2) |x| = I[; l= 1, cers m,—1; n= 1, 2, ‘ 
Points of the form (2) have two preimages in G, one of which is finite, i.e., all 
but finitely many elements of the sequence are 0. The finite preimage of —-in  ti—~=tS 
| 
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The following two statements are known (see e.g. [7. Lemma 1, 2]). 


It is clear that 


x+G, =x+G, =*, 


IL system of Price. Consider the followin of functions 


k+1 
s s 
Wn (x) (Win, (X))™* if n= 2, 
where a, and s are integers, 0= 4, < and a, #0. 


This is a complete orthonormal system and the partial sums of the correspond-— : 
_ ing Fourier series (see [8, 3. II.]) are 


D,(x) = for any 


where n=a,m,+n’; a, and n’ are integers, l=a,<p,,, and 0=n’< mai | 


(6) Dy,(x) = ™ if x€G,, and D,,(x)=0 for x€G—G,. 


Lemma 1. If n= 7 ajm;+n™, where a;, n™, and s are integers such that 


j<Pj+1> As #0 and then for every x€G—G, we have 


D,,(X) = Wn noe (x). 
Lemma 2. If n=m, and l=1,2,...,m,—1, 


P 

ve 
£4 


a mee ae n itely many x, are 0) such that 
(|x| is defined by formula (1)). 
Wn(x) = exp|——] if ; [=0,1 
— 


a3. For any integers k and n the following inequality sitesi 


Gi. 


In the value of this is real. 


k+1 


n=Mear, then D n for t€G,41,. since 1 when 


and D,(t)= W(t). So, D,(t)dt=—— (similarly 


Gy My +1 


for My +4 (/ 


D,(t)dt = D,(t)dt— 4 D,(t)dt =1 holds if n 
G,, G G—G,, 


m 

My +1 


The case n=<=m, can be treated analogously. Lemma 3 is proved. 


Ii. The function g(t) and an estimate of the Dirichlet kernel. Put 


and [y] means part of yeR. 
It is clear that, for (n=1, 2, ...), G,, +UG,,* 


Ra if p is odd; 


if 1S even, 


rool. If n=m,41, then from Lemma Z we have q 
and then using the equality f D,,(t)dt=1 for any integer n (by Lemma 2, 6h, 
G 


q(t) dt S cg In 


< q(x) if 


In [6, Theorem q ait —" estimate is obtai 


A <a consequence of (9) and oo is the wae: (proved in [8, 3.6.]): for 


ome lemmas on the variation of functions i: 


Let : x,=0 or x,=p,—1} (the coordinates of {x,}"_,€ P, 
other than the k-th one are arbitrary). Then 


1 
Re [o. iu |— 
| m, m, m,- 1 


From equation (12) it follows easily that 


where yp (E) denotes the measure of the measurable set E CG. 


Put lim P,= P,. (13) implies that 


2/lim 1SUP Dns 


q(x) if l — a eeeg Pn+i—13 n — 0, y eeee 
p. 135] the following relations are proved: 
d: f >] 
ned: tor every integer n= 
a 
m,” \m-1 mM, 
and if lim sup then yu(P)=O0. P is the set of all points {x,}"_,¢G for 
which the coordinates x, are 0 or p,=1 except finitely many of them. Set 
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integers {n,};_,, depending on “such that x, and Xp —1. It 


= 


if lim 1 sup then »(Q)=n(G)=1. 
Note that P=G and Q=9 in the case p,=2. ES, SRE: Pe 
| Just as in the case of the interval [a, b]<[0, 1] (see e.g. Bey p. ,. 202) we define ? 
_ the variation of the function f(x) on the set ECG in the following way: se pe oa 


=C@NV@). We have 
Lemma 4. For any point x€Q, the inequality 


t>x 


(18) lim f) = FO] 


ds satisfied under the condition that all quantities in (18) exist. 


Proof. Set 1,= lim f(t) and lim f(t). 

4 

x={x,}"_,. Since x€Q, there exists a sequence of integers such 

that 1=x, =p,, because x, #0 and x, #p, . So, 


(19) 


Xn <= <x< + 1/my,, )- = (Xn, -1+ 1/m,,,-1)— 


Let e>0, then there exists N such that for any integer kK=N the following _ 
hold (see (19)): 


: 
(16 
lim sup p, 
V(G) be the set of functions of bounded variation on G and CV(G)= 
By (3) we have a 
eed 
. “pi 


a 
= 


= 


Nk 


Lemma 4 is proved. 


Consequently, if at a point x€Q we have 
»f)+0 as ‘then = lim fi) 


exists, so that x is either a point of continuity of f(t) or f(t) has a removable __ 
discontinuity i in x. 


Lemma 5. Every discontinudty of the kind of the function f(t) is removable 
at any x€G that is, at a point of the form and also at x=0 


2. Main and their consequences 


_ I, Jordan test for pointwise and uniform convergence. Let n=1 be an integer 
Theorem 1. 1) If ff (t) is continuous ata point x€G, then the following ine- 


where the constant cz is determined by (8) and the integers n and k satisfy 


: 
a 
2) Lf f(tj)ECV(G), then olds uniformly on | 
j - The following statement follows easily from Theorem! 
H 


